0^ 



Torus actions in the normalization problem 

Jasmin Raissy 
Dipartimento di Matematica, Universita di Pisa 
Largo Bruno Pontecorvo 5, 56127 Pisa 
E-mail: raissy@mail.dm.unipi.it 

Abstract. Let / be a germ of biholomorphism of C"', fixing the origin. We 

' show that if the germ commutes with a torus action, then we get information on the 

. germs that can be conjugated to /, and furthermore on the existence of a holomorphic 

I hnearization or of a holomorphic normalization of /. We find out in a complete and 

computable manner what kind of structure a torus action must have in order to get a 

rij . Poincare-Dulac holomorphic normalization, studying the possible torsion phenomena. 

I In particular, we link the eigenvalues of d/o to the weight matrix of the action. The 

' link and the structure we found are more complicated than what one would expect; 

,— ,, a detailed study was needed to completely understand the relations between torus 

' actions, holomorphic Poincare-Dulac normalizations, and torsion phenomena. We 

Q ■ end the article giving an example of techniques that can be used to construct torus 

r~| ! actions. 
> . 

a: 

' — 1. Introduction 

. We consider a germ of biholomorphism / of at a fixed point p, which we may place at 

0^ ! the origin O. One of the main questions in the study of local holomorphic dynamics (see [Al], 

• [A-2], and [Bra] for general surveys on this topic) is when / is holomorphically linearizable, i.e., 

. when there exists a local holomorphic change of coordinates such that / is conjugated to its 

I linear part. The answer to this question depends on the set of eigenvalues of d/o, usually called 

Q ■ the spectrum of d/o- In fact if we denote by Ai, . . . , A„ G C* the eigenvalues of d/o, then it 

On , may happen that there exists a multi-index K = (ki, . . . , kn) G with \K\ = ki + - ■ ■ + kn'>2 

' and such that 



X 



(1) A^-A, :=A^•••A^-A,=0 



■ for some 1 < j < n; a relation of this kind is called a multiplicative resonance of /, and K is 

called a resonant multi-index. A resonant monomial is a monomial = ■ ■ ■ z^" in the j-th 
coordinate such that A^ = Xj. Prom the formal point of view, we have the following classical 
result (see [Ar] pp. 192-193 for a proof): 

Theorem 1.1. Let / be a germ of holomorphic diffeomorphism of C" Exing the origin O with 
no resonances. Then f is formally conjugated to its differential d/o- 

In presence of resonances, even the formal classification is not easy, as the following result 
of Poincare-Dulac, [Po], [D], shows 

Theorem 1.2. (Poincare-Dulac) Let f he a germ of holomorphic diffeomorphism of C" Exing 
the origin O. Then f is formally conjugated to a formal power series (7 e C[zi, . . . , without 
constant term such that dgo is in Jordan normal form, and g has only resonant monomials. 
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The formal series g is called a Poincare-Dulac normal form of /; a proof of Theorem 1.2 
can be found in [Ar] p. 194. 

The problem with Poincare-Dulac normal forms is that they are not unique. In particular, 
one may wonder whether it could be possible to have such a normal form including finitely 
many resonant monomials only. This is indeed the case (see, e.g., Reich [Rl]) when dfo belongs 
to the so-called Poincare domain, that is when dfo is invertible and O is either attracting, i.e., 
all the eigenvalues of dfo have modulus less than 1, or repelling, i.e., all the eigenvalues of dfo 
have modulus greater than 1 (when dfo is still invertible but does not belong to the Poincare 
domain, we shall say that it belongs to the Siegel domain). 

Even without resonances, the holomorphic linearization is not guaranteed. The easiest 
positive result is due to Poincare [Po] who, using majorant series, proved the following 

Theorem 1.3. (Poincare, 1893 [Po]) Let f be a germ of holomorphic difFeomorphism of C" 
with an attracting or repcUing fixed point. Then f is holomorphically linearizable if and only 
if it is formally linearizable. In particular, if there are no resonances then f is holomorphically 
linearizable. 

When O is not attracting or repelling, even without resonances, the formal linearization 
might diverge. In [Ra2] we found, under certain arithmetic conditions on the eigenvalues 
and some restrictions on the resonances, a necessary and sufficient condition for holomorphic 
linearization in presence of resonances, that in fact has as corollaries most of the known lin- 
earization results. In [Ra3] we found that, given m > 2 germs /i, . . . , /m of biholomorphisms 
of C", fixing the origin, with (d/i)o diagonalizable and such that /i commutes with fh for 
any h = 2, . . . ,m,, under certain arithmetic conditions on the eigenvalues of (d/i)o and some 
restrictions on their resonances, /i,...,/^ are simultaneously holomorphically linearizable if 
and only if there exists a particular complex manifold invariant under fi,. . ■ , fm- 

In any cases, there are germs not holomorphically linearizable, for instance when dfo is 
not diagonalizable (sec also [PM] for related results): 

Theorem 1.4. (Yoccoz, 1995 [Y]) Let A G GL(n, C) be an invertible matrix such that its 
eigenvalues have no resonances and such that its Jordan normal form contains a non-trivial 
block associated to an eigenvalue of modulus one. Then there exists a germ of biholomorphism f 
of C"" fixing the origin, with dfo = A which is not holomorphically linearizable. 

Then, since every germ of biholomorphism is formally normalizable, studying the holomor- 
phic normalization problem, i.e., when there exists a local holomorphic change of coordinates 
such that / is conjugated to one of its Poincare-Dulac normal forms, could be very useful to 
understand the dynamics of non-linearizable germs. 

In [Zu], Zung found that to find a Poincare-Dulac holomorphic normalization for a germ 
of holomorphic vector field is the same as to find (and linearize) a suitable torus action which 
preserves the vector field. Following this idea, we found that commuting with a linearizable 
germ gives us information on the germs conjugated to a given one, and also on the linearization. 
More precisely we have the following results (for the definition of weight matrix see section 2) . 
Theorem 1.5. Let f be a germ of biholomorphism of C" fixing the origin O. Then f 
commutes with a holomorphic effective action on (C",0) of a torus of dimension 1 < r < n 
with weight matrix Q G M,jxr(^) if Sind only there exists a local holomorphic change of 
coordinates conjugating f to a germ with linear part in Jordan normal form and containing 
only Q-resonant monomials. 

Theorem 1.6. Let f be a germ of biholomorphism of C" fixing the origin O. Then f is 

holomorphically linearizable if and only if it commutes with a holomorphic effective action 
on (C", O) of a torus of dimension 1 < r < n with weight matrix Q having no resonances. 
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Wc want to face and to solve the following problem: to find out in a clear (and possibly 
computable) manner what kind of structure a torus action must have in order to get a Poincare- 
Dulac holomorphic normalization from Theorem 1.5. In particular, to do so we need to link 
in a clever way the eigenvalues of d/o to the weight matrix of the action. Zung dealt with 
this problem in the case of holomorphic vector fields (see [Zu]), introducing the notion of toric 
degree of a vector field. The following definition is a reformulation of Zung's original one, 
clearer and more suitable to our needs. 

Definition 1.1. The toric degree of a germ of holomorphic vector field X of (C",0) singular 
at the origin is the minimum r G N such that the semi-simple part X'^'^ = Yl^=i ^j'^j^j °f 
the first jet of X can be written as linear combination with complex coefficients of r diagonal 
vector fields with integer coefficients, i.e., 

r 
k=l 

where cti, . . . , € C* and Zk = Yl'j=i pf ^^jdj with p^'^^ G Z". The r-tuple Zi, . . . , Zk is called 
a r-tuple of toric vector fields associated to X, and the numbers ai, . . . , a„ G C are a r-tuple 
of toric coefficients of the toric r-tuple. 

Then he found that 

Theorem 1.7. (Zung, 2002 [Zu]) Let X be a germ of holomorphic vector held X of (C",0) 
singular at the origin, of toric degree 1 < r < n. Then X admits a holomorphic Poincare-Dulac 
normalization if and only if there exists a holomorphic effective action on (C^,0) of a torus 
of dimension r preserving X and such that the columns of the weight matrix of the action are 
a r-tuple of toric vectors associated to X. 

It is a common thinking that once something can be done with germs of vector fields, 
i.e., for continuous local dynamical systems, then it can be translated analogously for germs 
of biholomorphisms, i.e., for discrete local dynamical systems. This is not completely true. 
At the very least there are torsion phenomena to be considered, preventing a straightforward 
translation from additive resonances (see below for the definition) to multiplicative resonances, 
and giving rise to new behaviors. One of our aims is exactly to understand up to which point 
one can push the analogies between continuous and discrete dynamics in the normalization 
problem. Following Ecalle [E], we shall use the following definition of torsion. 

Definition 1.2. Let A G (C*)"^. The torsion of A is the natural integer r such that 

-27riZ = (27riQ) n | (27riZ) (log(Aj)Z) j . 

^ \ l<j<n J 

To understand what kind of structure a torus action must have in the case of germs of 
biholomorphisms to get a result equivalent to Theorem 1.7, we first need a right notion of toric 
degree for germs of biholomorphisms, and to link it to the torsion we introduced above. The 
link and the structure we found are more complicated than what one would expect: torsion is 
not enough to measure the difference between germs of holomorphic vector fields and germs of 
biholomorphisms. We therefore need a more detailed study. 

Notice that given A G (C*)", there is a unique [ip] G (C/Z)" such that A = e^''*!'^], 
i.e., \j = e^'^*['^j] for every j = 1, . . . ,n. The right definition of toric degree for maps is then 
the following 
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Definition 1.3. Let [(/?] = {[ipi], . . . ,[ipr,]) G (C/Z)", where ^ (C/Z)*^ denote the 

standard projection. The toric degree of [<p] is the minimum r € N such that there ex- 
ist ai, G C and 6'(i), . . . , 6l('') G Z" such that 



(2) M 



.fc=i 



The r-tuple 9^^\...,9^^^ is called a r -tuple of toric vectors associated to [(^], and the num- 
bers a„ G C are toric coefficients of the toric r-tuple. 

Definition 1.4. Given G C" and j G {!,..., n}, we say that a multi-index Q G N", 
with \Q\ = X]5i=i 9fe ^ 2, gives an additive resonance relation for 9 relative to the j-th coordinate 
if 

n 

{Q,o) = Y,Qheh = Oj 

h=l 

and we put 

Res+(e) = {g G I IQI > 2, (g,6') = 9j}. 
Given [(^] G (C/Z)'^, the set 

Res,-(M) = {Q G I IQI > 2, [{Q,ip) - cpj] = [0]} 

of multiplicative resonances of [ip] is well-defined and we have ReSj(A) = ReSj([(^]), where 

Wc shall find relations between the additive resonances of toric vectors associated to [f] 
and the multiplicative resonances of [ip]. One of the advantages of the approach we found 
is that we shall be able to easily compute the multiplicative resonances, passing through the 
additive resonances of r-tuples of toric vectors (see Lemma 7.1). 

Given [ip] G (C/Z)" of toric degree 1 < r < n, even when the r-tuple of toric vectors 
associated to [ip] is not unique, we can always say whether the toric coefficients are rationally 
independent with 1 or not. 

Definition 1.5. Let [p] G (C/Z)"- be of toric degree 1 < r < n. We say that [ip] is in 
the torsion-free case, or simply [p] is torsion-free, if its r-tuples of toric vectors have toric 
coefficients rationally independent with 1. 

As a first application of our methods, we have the following characterization of the vec- 
tors A G (C*)" without torsion 

Theorem 1.8. Let A = e^'^*!'^^ G (C*)"'. Then [(p] is torsion-free if and only if the torsion of A 
is 1. 

In the torsion case, we can always find a more useful toric r-tuple. 

Definition 1.6. Let [ip] = {[ipi], . . . , [pn]) G (C/Z)" be of toric degree 1 < r < n in the torsion 

case. Wc say that a r-tuplc ri^^\ . . . , rj^^^ of toric vectors associated to [p] with rationally 
dependent with 1 toric coefficients (3i,...,(3r is reduced if /3i = 1/m with m G N \ {0, 1} 
and m,r]\^\ . . . ,r]n'^ coprime. In this case the toric vectors r/^^\ . . . , r/^''^ are called reduced 
torsion-free toric vectors associated to [cp]. 

We have explicit (and easy to use) techniques to compute the toric degree and toric r- 
tuples (reduced in the torsion case) of [p]. Furthermore, we can also prove that, in the torsion 
case, the torsion of e^'^^I'^l always divides m (see Proposition 5.1). 
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As expected, we are able to show that the torsion-free case behaves as the vector fields 
case, proving the following analogue of Theorem 1.7 (which works even when d/o is not diag- 
onalizable) . 

Theorem 1.9. Let f be a germ of biholomorphism of C" fixing the origin O, such that, denoted 
by X = {Ai, . . . , A„} the spectrum of d/o, the unique [(p] G (C/Z)" such that A = e^'^'I'^l is 
of toric degree 1 < r < n and torsion-free. Then f admits a holomorphic Poincarc-Dulac 
normalization if and only if there exists a holomorphic effective action on (C", O) of a torus of 
dimension r commuting with f and such that the columns of the weight matrix of the action 
axe a r-tuple of toric vectors associated to [(p] . 

The torsion case is more delicate and difficult to deal. First of all, given [ip] G (C/Z)" with 
toric degree 1 < r < n and torsion r > 2, and a reduced toric r-tuple r/^^^ , ■ ■ ■ , f?^'^-* , we always 
have 

r r 

(3) n Res;(ry(^)) D Res,([^]) D f] Res+{r,^'^). 

k=2 k=l 

This suggest a subdivision in several subcases, all realizable (we have examples for all of them) 
and, surprisingly, having very different behaviours. We have cases similar to the case of germs 
of vector fields (even if we have torsion!), and cases that are indeed different. In particular, 
considering iterates of / to reduce to the torsion-free case hides very interesting phenomena, 
and it does not allow to see that some torsion cases can be directly studied. Moreover, we have 
explicit (and computable) techniques to decide in which subcase a given [tp] G (C/Z)" is. 

Definition 1.7. Let [ip] G (C/Z)" be of toric degree 1 < r < n and in the torsion case. We 

say that [p] is in the impure torsion case if, for one (and hence any: see Lemma 7.6) reduced 
r-tuple r]^^^ , ■ ■ ■ , rj^^'' of toric vectors associated to [</?] we have 

(4) Res,(M)= nRes;(,?«), 

k=2 

for any j G {1, . . . , n}. Otherwise we say that [ip] is in the pure torsion case. 

The impure torsion case is the subcase behaving as the case of germs of vector fields, and 
in which, again, we do not need d/o diagonalizable. In fact, we can prove the following 

Theorem 1.10. Let f be a germ of biholomorphism of C" fixing the origin O, such that, de- 
noted by X = {Ai, . . . , A„} the spectrum of d/o, the unique [ip] G (C/Z)"- such that A = e^'^*!'^] 
is of toric degree 1 < r < n and in the impure torsion ease. Then it admits a holomor- 
phic Poincare-Dulac normalization if and only if there exists a holomorphic effective action 
on (C", O) of a torus of dimension r — 1 commuting with f, and such that the columns of the 
weight matrix of the action are reduced torsion-free toric vectors associated to [ip] . 

The next subcase is 

Definition 1.8. Let [p] G (C/Z)" be of toric degree 1 < r < n and in the pure torsion case. 
We say that [ip] can be simplified if it admits a reduced r-tuple of toric vectors ri'^^\ ■ ■ ■ ,r/('") 
such that 

(5) Res,(M) = n Res;(r?(^)), 

k=l 
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for all j = 1, ... , n. The r-tuple rj^^^ , V^^^ is said a simple reduced r-tuple associated to [ip] . 

As wc shall see in section 7, condition (5) depends on the chosen toric r-tuple. However, 
we have techniques to decide whether [f] can be simplified or not. 

The case in which [ip] can be simplified is similar to the case of germs of vector fields, but 
we have a distinction between the case of d/o diagonalizable and d/o not diagonalizable, as 
we see in the following result (for the definition of compatibility see section 3): 

Theorem 1.11. Let f be a germ of biholomorphism of C" fixing the origin O, such that, 
denoted by \ = {Ai, . . . , A„} thespcctrum ofclfo, the unique [ip] G (C/Z)" such that A = e^''*!'^] 
is of toric degree 1 < r < n and in the pure torsion case and it can be simphGed. Tlien: 

(i) if d/o is diagonalizable, f admits a holomorphic Poincare-Dulac normalization if and 
only if there exists a holomorphic effective action on (C^jO) of a torus of dimension r 
commuting with f and such that the columns of the weight matrix Q of the action are 
a simple reduced r-tuple of toric vectors associated to [ip]; 

(a) if d/o is not diagonalizable and there exists a simple reduced r-tuple of toric vectors asso- 
ciated to [if] such that its vectors are the columns of a matrix Q compatible with d/o, / 
admits a holomorphic Poincare-Dulac normalization if and only if there exists a holo- 
morphic effective action on (C",0) of a torus of dimension r commuting with f and 
with weight matrix Q. 

The case in which [p] cannot be simplified is the furthest from the case of germs of vectors 
fields, because we cannot reduce the multiplicative resonances to additive ones. In fact, we 
only have a sufficient condition for holomorphic normalization. 

Proposition 1.12. Let f be a germ of biholomorphism of C"- fixing the origin O, such that, 
denoted by X = . . . , A„} the spectrum ofdfo, the unique [p] € (C/Z)" such that A = e^'^*!'^! 
is of toric degree 1 < r < n and in the pure torsion case and it cannot be simplified. If there 
exists a holomorphic effective action on (C",0) of a torus of dimension r commuting with f 
and such that the columns of the weight matrix of the action are a reduced r-tuple of toric 
vectors associated to [tp] , then f admits a holomorphic Poincare-Dulac normalization. 

We have then completely understood the relations between torus actions, holomorphic 
Poincare-Dulac normalizations, and torsion phenomena. We end the article giving an example 
of techniques to construct torus actions. 

Definition 1.9. Let 1 < m < n. A set of m integrable vector fields of {C"',0) is a 
set Xi, . . . ,Xjn of germs of holomorphic vector fields of (C",0) singular at the origin, of 
order 1 and such that: 

(i) Xi, . . . , Xjn commute pairwise and are linearly independent; 

(ii) there exist n — m germs of holomorphic functions gi,. . . ,gn-m in (C"',0) which are 
common first integrals of Xi , . . . , X^ , and they are functionally independent almost 
everywhere. 

Definition 1.10. A germ of biholomorphism / of (C",0) fixing the origin commutes with a 
set of integrable vector fields if there exists a positive integer 1 < m < n, such that there exists 
a set of m germs of holomorphic integrable vector fields Xi, . . . , X^ such that 

df{Xj)=Xjof 

for each j = 1, . . . ,m. 
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A germ of biholomorphism / of (C" , O) commutes with a vector field X according to the 
previous definition if and only if it commutes with the flow generated by X. Then (see also 
Section 8 for more general statements): 

Theorem 1.13. Let f be a germ of biholomorphism of (C", O) fixing the origin and commuting 
with a set of integrable holomorphic vector fields Xi, . . . , Xm- Then f commutes with a 
holomorphic effective action on (C",0) of a torus of dimension equal to the toric degree r 
of Xi and such that the columns of the weight matrix of the action are a r-tuple of toric 
vectors associated to Xi . 

If the semi-simple part of the linear term of Xi has the same resonances of the eigenvalues 
of d/o, then we get a Poincare-Dulac holomorphic normalization. Moreover, the commutation 
condition implies that / preserves the foliation generated by Xi , . . . , X^ ; hence this is a condi- 
tion similar to condition A of [Brj] for the convergence of a normalization in the case of vector 
fields. Finally, commuting with a torus action implies that / preserves the orbits of the action, 
hence a condition of the kind of Definition 1.10 is close to be necessary and sufficient for the 
existence of a commuting torus action. 

The structure of this paper is as follows. 

In section 2 we shall recall some basic facts about linear torus actions and we shall fix some 
notations. In section 3 we shall describe the relations between the existence of torus actions with 
certain properties and the possibility to conjugate a given germ of biholomorphism to another 
one of a particular form, and we shall prove Theorem 1.5 and Theorem 1.6. In section 4 we shall 
study the toric degree and the toric r-tuples associated to the eigenvalues of the differential d/o 
of a germ of biholomorphism of C" fixing the origin, and the weight matrices of torus actions. 
In section 5 we shall study the notion of torsion and we shall prove Theorem 1.8. In section 6 
we shall study the relations between the resonances of the eigenvalues of the differential d/o of 
a germ of biholomorphism of C" fixing the origin and the additive resonances of an associated 
toric r-tuple, in the torsion- free case, and we shall prove Theorem 1.9. In section 7 we shall 
study the relations between the resonances of the eigenvalues of the differential d/o of a germ 
of biholomorphism of C" fixing the origin and the additive resonances of an associated toric 
r-tuple, in the torsion case, and we shall prove Theorem 1.10, Theorem 1.8 and Proposition 
1.12. In the last section we shall give some geometric conditions to construct the torus actions 
we need, and we shall prove Theorem 1.13 and other similar results. 

Acknowledgments. I would like to thank Marco Abate for helpful comments on a draft 
of this work, and Jean Ecalle for the useful conversations on the last part of section 7. Part 

of this work was done during a visit to the Dcpartement de Mathematiques de la Faculte des 
Sciences d'Orsay, Universite Paris-Sud 11, and I would also like to thank the Departement 
d'Orsay for its hospitality. 

2. Preliminaries 

Let A:T^ X M ^ M be a torus action on a complex manifold M, with a fixed point po G M 
(that is A{x,po) = ^x(Po) = Po for all x G T). The differential d{A^)p^:Tp^M Tp^M is 
then well-defined, and thus we have a linear torus action on Tp^M. A linear torus action can 
be thought of as a Lie group homomorphism A-.T"^ — > Aut(Tp(jM), that is as a representation 
of T*" on the vector space V = Tp^M. 

Characters and weights of T'' are well known. All characters of = = R/Z are of the 

form 

X6{x) = exTp{2'KixO) 
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with G Z; hence the character group of is isomorphic to Z. Since T'' = x • • • x T-^, the 
characters of T'' are obtained multiplying characters of T^, that is they are of the form 

Xe{x) = exp ^27ri ^ Xfe6'''^ , 

with 6 = {9^ , . . . ,9^) e (Z*")*, where the * denotes the dual. In particular, 9 should be thought 
of as a row vector. The weights of T*" are then the differential of the characters computed at 
the identity element, and thus are given by 

r 

weiv) = 2Tri Vk9'' 
k=i 

with 9 e {Z'')* andv eW. If we write 9j = {9}, . . . ,9^) e {Z'')* , then the matrix representation 
of the linear action A in the eigenvector basis is given by 

A{x) = diag {xej (x)) = diag ^exp ^-rri ^ XkO^^ ^ . 

We have then associated to our torus action a matrix O = {9j) G MnxriZ), whose columns 
do not depend on the particular coordinates chosen to express the torus action, but can be 
uniquely (up to order) recovered by the action itself. 

Definition 2.1. The matrix 6 just defined is called the weight matrix of the torus action. 

Definition 2.2. Let 6* G C" and let j e {1, ...,n}. We say that a multi-index Q G N"", 
with \Q\ = Qh > 2, gives an additive resonance relation for 9 relative to thej-th coordinate 

if 

n 
h=l 

and we put 

Res+(^) = {Q G N" I \Q\ > 2, {Q,9) = 9j}. 

Let A G (C*)" and let j G {1, . . . , n}. Wc say that a multi-index Q G N", with \Q\ > 2, gives a 
multiplicative resonance relation for A relative to the j-th coordinate if 

A« = Af •••A«"=A,- 

and we put 

ResjiX) = {Q G N" I \Q\ > 2, A^ = A^}. 

Remark 2.1. Given [ip] G (C/Z)", where [•]:€"■ (C/Z)" is the standard projection, the set 

{QeN^\\Q\>2,{Q,<p)-ipjeZ}. 

does not depend on the specific representative if G C" but only on the class [if], and so it is 
well defined the set ReSj([(p]) as 

Res,([^]) = {Q G I IQI > 2, [{Q,<p) - ipj] = [0]}. 
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Remark 2.2. Notice that given A G (C*)", we can always find a unique [ip] G (C/Z)" such 
that A = e^'^^t'^l, i.e., A^ = e^'^^I^^l for every j = l,...,n. Then ReSj(A) = ReSj([(^]), thus 
justifying the definitions and the terminology. 

3. Torus Actions and Normal Forms of germs of biholomorphisms 

In this section we shall describe the relations between the existence of torus actions with 
certain properties and the possibility to conjugate a given germ of biholomorphism to another 
of a particular form. 

Definition 3.1. Let 6'(^), . . . ,6'('') G Z". We say that a monomial z^ej, with Q e N", |g| > 1 

and J G {1, . . . , n}, is @ -resonant, where Q is the n x r matrix whose columns are 

if 

for every = 1, . . . , r, that is if ^^^^ = 9j^\ for Q = e/j, or 

r 

(6) QG7^,(e)= fjRes+l^^'^)), 

k=l 

for \Q\ > 2. We say that Q has no resonances if TZj{@) = for every j = 1, . . . , n. 

Definition 3.2. Let 6^^\ . . .,9^''^ G and let T be a linear map of C". We say that the 
matrix G, with columns 6^^\ . . . ,9^^\ is compatible with T if and only if we can write T in 
Jordan form with all monomials 0-resonant. 

Theorem 3.1. Let f be a germ of biholomorphism of C" fixing the origin O. Then / 

commutes with a holomorphic effective action on (C",0) of a torus of dimension 1 < r < n 
with weight matrix G Af„xr(Z) if and only there exists a local holomorphic change of 
coordinates conjugating f to a germ with linear part in Jordan normal form and containing 
only Q-resonant monomials. 

Proof. Let us suppose that the linear part of / is in Jordan normal form and / contains 
only B-resonant monomials. Then we claim that / commutes with the linear effective torus 
action 

A-.r X (^^,0) ^ (C",0), 

defined by 

A{x,z) =Diagle ^k=i " j j z. 
In fact in these hypotheses the j-th coordinate of / is 

XjZj + EjZj-i + fqjz'^ 

IOI>2 

where Sj G {0, 1} can be different from only if Xj = Aj_i, the set TZj{Q) is defined in (6) and 

(k) (k) 

the assumption that ejZj-iej is 0-resonant implies dj_i = Oj for A; = 1, . . . , r if 7^ 0. Then 
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for every x eT'^ we have 



IQI>2 

QGitj (e) 



Q|>2 
Q€75.j(e) 



e l^k=i J {f-{z)) 



IQI>2 



= A(x,/(z)),-. 

Conversely, let us suppose that / commutes with a holomorphic effective action on (C", O) 
of a torus of dimension 1 < r < n with weight matrix O. Then, by Bochner linearization 
theorem [B] , there exists a tangent to the identity holomorphic change of variables ip linearizing 
the torus action. Furthermore, up to a linear change of coordinates we can assume that in the 
new coordinates the action is given by 



A{x,z) = Diag (e''^'ELi-'=C) z, 

and that / (still commuting with the torus action) has linear part in Jordan normal form 
compatible with 6, and thus its j-th coordinate is 

XjZj+ejZj-i+ J2 fQJ^^ 

IQI>2 

where Sj G {0, 1} can be different from only if Aj_i = Xj and 9j-i = 9j. For every x G T*", 
we have 

IQI>2 

and 

\ IQI>2 / 

Then fjiA{x, z)) = A{x, f{z))j if and only if 

for every x G T*", j = 1, ■ ■ ■ ,n, Q & N"" with \Q\ > 2, i.e., /qj can be non-zero only when 

r 

fe=i 

which is equivalent to 

= 

for every k = 1, . . . ,r, meaning that / contains only 0-resonant monomials. □ 
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As a consequence of this result we have 

Corollary 3.2. Let f he a germ of biholomorphism of C" fixing the origin O. Then f is 
holomorphically Unearizable if and only if it commutes with a holomorphic effective action 
on (C", O) of a torus of dimension 1 < r < n with weight matrix @ having no resonances. 

Proof. If / is linear and in Jordan normal form, then it commutes with any linear action of 
with compatible weight matrix G; so it suffices to choose Q with TZi{@) = . . . = TZni@) = 0- 

Conversely, if / commutes with a holomorphic effective action on (C" ,0) of a torus of 
dimension 1 < r < n with weight matrix G, then, by the previous result, G is compatible with 
the linear part of / and there exists a local holomorphic change of coordinates such that / is 
conjugated to a germ with the same linear part and containing only G-resonant monomials. 
But each TZj (G) is empty; hence there are no G-resonant monomials of degree at least 2, and 
thus / is holomorphically linearizable. □ 



4. Toric degree 

We want to study the relations between the resonances of the eigenvalues of the differ- 
ential dfo of a germ of biholomorphism of C" fixing the origin, and the weight matrices of 
torus actions to understand in which cases Theorem 3.1 gives us a Poincare-Dulac holomorphic 
normalization. Thanks to Remark 2.2 we have to deal with vectors of (C/Z)". A concept that 
turns out to be crucial for this study is that of toric degree. 

Definition 4.1. Let [if] = {[tpi], . . . ,[ipn]) G (C/Z)". The toric degree of [ip] is the mini- 
mum r G N such that there exist ai, . . . , a^. G C and 9^^\ . . . , 9^'^'> G Z" such that 



(7) 



,fe=i 



The r-tuplc . . . , ^^''^ is called a r -tuple of toric vectors associated to [ip], and the num- 
bers ai, . . . , Q!„ G C are toric coefficients of the toric r-tuple. 

Remark 4.1. Note that the toric degree is necessarily at most n, since 



.fc=i 



Wc did not say the toric coefficients because we have the following result. 

Lemma 4.2. Let [</?] G (C/Z)"' he of toric degree 1 <r <n and let d^^\ . . . , O'^'^^ he a r-tuple 
of toric vectors associated to [ip] with toric coefficients ai, . . . , a^. G C. Then j3i,... ,Pr G C 
satisfy 



if and only if 



.k=l 



f ai- I3i\ 



G 



G 17 



\ar- Pr J 
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where Q is the n x r matrix whose columns are 
Proof. We have 



.fc=i 



.k=l 



if and only if 



that is 



k=l 



k=l 



e 



/ai-/3i\ 



\ar- Pr / 



which is the assertion. 



□ 



Thanks to Remark 2.2 the following definition makes sense. 

Definition 4.2. Let / be a germ of biholomorphism of C"^ fixing the origin and denote 
by A = {Ai, . . . , A„} the spectrum of d/o- The toric degree of f is the toric degree of the 
unique [(p] e (C/Z)" such that A = e^'^*!'^! . 

Toric r-tuples and toric coefficients have to satisfy certain arithmetic properties, as the 

following result shows. 

Lemma 4.3. Let [ip] G (C/Z)"- be of toric degree 1 < r < n and let 9^^\ . . . , 9^^^ be a r-tuple 
of toric vectors associated to [tp] with toric coefficients ai, . . . , G C. Then: 

(i) ai, . . . ,ar is a set of rationally independent complex numbers; 

(ii) every r-tuple of toric vectors associated to [ip] is a set of Q-linearly independent vectors. 

Proof, (i) Let us suppose by contradiction that ai, . . . , G C are rationally dependent. Then 
there exists (ci, . . . , Cr-) G Z'' \ {O} such that 

Ciai + • • • + CrOir = 0. 

Up to reordering we may assume ci 7^ 0. Then 

1 / 

CCi = (C2a2 H + CrOtr), 



and hence 



.k=l 



=1 

-(C2a2 + • • • + Crar)e^^^ + a2^^'^ + • • • + ar^^"^ 



0(2 



(C,0(2) _ C20(l)) + . . . + ^(ci^W - C,0(1)) 
Cl Cl 



and this contradicts the definition of toric degree, 
(ii) The proof is analogous to the previous one. 



□ 
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Remark 4.4. Given [ip] G (C/Z)", of toric degree 1 < r < n, if 0(1),..., is a r-tuple of 
toric vectors associated to the nxr matrix 6 whose columns are ^^^^ . . . , 9^'^\ has maximal 
rank r. 

Remark 4.5. Note that, if [p] G (C/Z)" has toric degree 1 < r < n, and 6'(i) , . . . , 6'('^) is 
a r-tuple of toric vectors associated to [(^], up to change the toric coefficients oii, . . . ,0:^, we 
can always assume 6^i \ . . . , On'' coprime for each 1 <k <r. In fact, if G Z is the greatest 



common divisor of . . . , 9\^' , then 



,(fc) 



(k) 



k=l 



Xk) 



.k=l 



where 



for /c = 1, . . . , r. 

Remark 4.6. Given [(p] G (C/Z)", of toric degree 1 < r < n, the r-tuple of toric vectors 
associated to [(p] is not necessarily unique. Let us consider, for example 



3x/2 + 4i 
2^2 + 6z 
-V2 + 2i 



The toric degree cannot be 1, since it is immediate to verify that ip cannot be written as the 
product of a complex number times an integer vector. The toric degree is in fact 2, since we 
have 

[^] = 



However we can also write [ip] as 




-3^2 + 16i 3^/2 + 4i 



6 



1 



6 




Note that, in both cases, the toric coefficients are rationally independent with 1. 
Example 4.7. The vector of {C/Zf 



[^] 



(l + 6^/2)/6 
(l-2V2)/2 



has toric degree 2, since we have 

M = 



1 + 6^2 / 1 \ 1-2^2 /0 
6 [or' 2 I 1 
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and it is not difficult to verify tfiat it cannot have toric degree 1. We can also write [(p] as 



6 U 



+ V2 



Note that this time, in both cases, the toric coefficients arc rationally dependent with 1. 

We shall prove that, given [if] G (C/Z)" of toric degree 1 < r < n, even when the r-tuple 
of toric vectors associated to [ip] is not unique, we can always say whether the toric coefficients 
are rationally independent with 1 or not, so this will be an intrinsic property of the vector. 
Before proving this, we shall need the following result that gives us a way to find a more useful 
toric r-tuple when the toric coefficients are rationally dependent with 1. 

Remark 4.8. Note that a € C is rationally dependent with 1 if and only if it belongs to Q. 

Lemma 4.9. Let [ip] G (C/Z)" be of toric degree I < r < n, and let d^^\ . . . , 9^'^^ he a r-tuple 
of toric vectors associated to [(p] with toric coefficients ai , . . . , a^- € C rationally dependent 
with 1. Then there exists a r -tuple of toric vectors rj^^^ ■ ■ ■ associated to [ip] with toric 
coefficients Pi,. . . ,Pr G C such that Pi = 1/m with m € N\{0, 1} and m, r)[^\ 
Moreover P2,. . . ,Pr are rationally independent with 1. 

Proof. If r = 1, then a is rationally dependent with 1 if and only if it belongs to Q, i.e.. 



(1) 

, rjn coprime. 



where we may assume without loss of generality p and q coprime and q,9i, . . . ,0n coprime. 
Then 

'1 



-V 



where r) = p ■ 9 E 7.'^ and we are done. 

Let us suppose now r > 2. Since ai, . . . ,ar are (rationally independent and) rationally 
dependent with 1, we can consider the minimum positive integer mo G N \ {0} so that there 
exists (mi, . . . , m^) G Z'' \ {0} such that 

rriiai + • • • + mj.oij. = mo- 

Thanks to the minimality of mo, we have that mi, . . . , m^, mo are coprime. Up to reordering 
we may assume mi 7^ 0. Then 



ai 



mo 
mi 
m^ 



m2 
mi 
m2 
mi 



a2 + • 
a2 + • 



rrir 

H Or 

mi 

rrir 

^ Oij. 

mi 



where ^ = ^ with (mQ, m'^) = 1 and m,'^ G N \ {0, 1}. Let d be the greatest common divisor 



mi m-. 



of m'l and the components of 9'^^\ and consider 



1 



m'l 



^(i) = 4^(i), mi , 
d d 
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Hence 



mo 
m'n 



2^(1) ^,0(1)) 

^ ' 771.1 



k=2 



mi 



mi 

1 

mi 



k=2 



nil 



k=2 



nil 



(fc) 



where 



and 



.fe=i 

Pi — —,P2 — ,...,Pr — , 

mi mi mi 



Notice that mi is necessarily greater than 1, because otherwise the toric degree of [if] would 
be less than r. 

Now, ii ^2, ■ ■ ■ , Pr were rationally dependent with 1, then we would have k2, ■ ■ ■ ,kr € Z;\{0} 
such that 

k2p2 + --- + krPr = keZ\{0}, 

then 

-fcmi • — + k2(32 -\ h krPr = 0, 

mi 

contradicting Lemma 4.3. This concludes the proof. □ 

Definition 4.3. Let [99] = ([i^i], . . . , G (C/Z)"- be of toric degree 1 < r < n. We say 
that a r-tuple ri^^\ . . . , ij^^'' of toric vectors associated to [cp] with rationally dependent with 1 
toric coefficients /3i,. . . ,Pr is reduced if Pi = 1/m with m G N \ {0, 1} and m,rjT^\ . . . ,rjn^ 
coprime. In this case the toric vectors r/^^^ . . . ,77^''^ are called reduced torsion-free toric vectors 

associated to [cp]. 

Now we can prove that the rational independence with 1 of the coefficients of toric r-tuples 
associated to a given vector [if] G (C/Z)" of toric degree 1 < r < n is an intrinsic property 

of M- 

Proposition 4.10. Let [ip] G (C/Z)" be of toric degree I < r < n, and let d^^'> , . . . ,6^^^ be 
a r-tuple of toric vectors associated to [if], with toric coefficients ai,...,ar G C rationally- 
independent with 1. Then every other r-tuple of toric vectors associated to [(p] has toric 
coefficients rationally independent with 1. 

Proof. Let us assume by contradiction that there exists a r-tuple r/*^-^) , • • • , r]^^^ of toric vec- 
tors associated to [p] with toric coefficients Pi,...,Pr rationally dependent with 1. Thanks 
to Lemma 4.9, we may assume without loss of generality /?i = 1/m with m G N \ {0, 1} 

and m, r)\^^ , • ■ • , r)n^ coprime. Let N be the matrix with columns 77^^^ , ■ ■ ■ , V^^^ > l^t @ be 
the matrix with columns 9^^\ . . . , d^'^\ Wc have 



N ■ 



\PrJ 



ai 



, C(r . 
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that is, there exists an integer vector k G such that 

/«i 



e- I : 1 +k. 

ar 



Since N has maximal rank r, the hnear map N: Q'' ^ Q" is injective and, for every U C Q" 
such that Q" = lm{N) ® U, there is a Hnear map Lj/: Q" Q"" such that ker(L(/) = U 
and LuN = Id; hence there is a hnear map Lu: Z" — Z*" that LjjAT = hid, with /i G Z \ {0}. 
Then 



/i : 



= LuO 1:1+ L[/k. 



Moreover, we can choose U so that the first row of LuQ is not identically zero. In fact, the first 
row of L[/0 is identically zero if and only if the first vector e\ of the standard basis belongs 
to ker(6^L^), and hence it is orthogonal to Im(L[/0), because for any u G Q*" we have 

0= (n,e^L?;ei) = {eu,Lj}ei) = {Lueu,ei). 

In particular lm(0) n C/ / {O}; otherwise I/j/|im(e) would be injective, thus lm{LuQ) = Q'', 
and ei could not be orthogonal to Im{Lu@). Now, it is a well-known fact of linear algebra that 
given two subspaccs V. W oi a vector space T having the same dimension there exists a sub- 
space U such that T = V®U = W®U. Hence choosing U so that Q" = lm{N)®U = Im(e)®C/, 
we have lm(0) nU = {O}, and thus the first row of L[/0 is not identically zero. 
Then 

h- = {LuQ)i • M I + (^c/k)i 



m 



, ar 



and this gives us a contradiction since ai, . . . , are rationally independent with 1 by assump- 
tion. □ 

We have then two cases to deal with: the rationally independent with 1 case, and the 
rationally dependent with 1 case. 

Definition 4.4. Let [ip] G (C/Z)" be of toric degree 1 < r < n. We say that [</?] is in 
the torsion-free case, or simply [ip] is torsion-free, if its r-tuples of toric vectors have toric 
coefficients rationally independent with 1. 

A notion of torsion- free germ of biholomorphism was firstly introduced by Ecalle in [E]. 
We shall show in the next section that our notion is equivalent to his; our approach however 
gives more information on the normalization problem. 

We end this section with a couple of results showing how to compute the toric degree, 
starting with toric degree 1. 
Proposition 4.11. Let [ip] G (C/Z)''. Then: 

(i) [if] has toric degree 1 with rational toric coefficient if and only if it belongs to (Q/Z)"^; 

(ii) [if] has toric degree 1 with toric coefficient in C \ Q if and only if [ip] (Q/Z)", and 
there exists 6 {O}, with 6k = if [ipk] = [0], such that there is jo G {1, . . . , n} so 
that 
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(a) l^j,] (Q/Z)" and 

(8) Ok[^j,]-eM = n 

for any k so that [ipk] 7^ [0]; and 

(b) for any representatives (pf. of [<^/-], the integer vector ipj^O — 9j^'^ belongs to the 
subspace Span^{6, —Oj^ei, . . . , — ^jo^jo> • • • > ~Oio^n\j where = — Oj^ej^ . 

Proof (i) If a = p/q G Q then 
hence [if] G (Q/Z)". 

Conversely, if [<pj] = \pj/qj] with Pj/qj € Q for j = 1, . . . ,n, then, considering q = qi - ■ ■ qn 
we get 



9 



Pngi-"9n-l 



1 



and we are done, 
(ii) If 









a 













with a G C \ Q and 6* G Z*^ \ {O} then it is immediate to verify that [(p] (Q/Z)", and 
satisfies (a). By assumption, once we choose arbitrarily representatives ipk of [tpk] we can 
write (fk = (X0k + Tifc for suitable nik G Z. Then 

- 9j(pk = OkiaOj + mj) - 0j{a9k + m^) = Ounij - OjUik, 

for any j and /c, thus (b) is verified. 

Conversely, let G Z"" \ {0} satisfy the hypotheses. By assumption [ip] (Q/Z)" and 
there is jo G {1; • • • > '^j such that [^fjo] (Q/Z)" satisfies (a) and (b); for the sake of simplicity, 
we may assume, without loss of generality, jo = 1. Let us choose a representative tp of [(p] and 
set 

9jpi — 9i<Pj = kj £ 7j 
for j = 2, . . . ,n. Condition (b) means that we can find mi, 



-Oi 



(9) 

that is 
Now we put 

Then [tp] = [aO]; indeed 



mi 



, m„ G Z so that 
k2 



kj = OjUii — OiiTij. 
ipi - mi 



a 



Oi 



((/?i - mi) 



jipi — fcj — Oirrij 



<Pj-mj. 



□ 
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Remark 4.12. Condition (b) of the previous Proposition is necessary. In fact, if we just 
assume that condition (a) holds, then it is always possible to solve (9) in Q, but this does not 
imply that it is solvable in Z. For example the vector 



{2i + l)/3 

i 

(11 + 10i)/6 



has toric degree 2, but if we consider 



we get condition (a) for j = 1. Moreover, choosing ((2i + 4)/3, i, (11 + 10i)/6) as representative 
of [ip], we get 

'k2\ f I 



and it is not difficult to verify that 



3-2 
5 0-2 



mi 

771-2 



has no solution (mi, 7712,777,3) G Z^. 
Example 4.13. The vector of (C/Z)^ 



[^1 



{V2 + i)/6 
(V2 + i)/3 
5(^2 + 0/6 



has toric degree 1, since it can be written as 




In general, to compute the toric degree of a vector one starts from the trivial representation 
of Remark 4.1, and then uses (the proof of) Lemma 4.3 to obtain rationally independent 
toric coefficients and toric vectors. Then the toric degree is computed as follows (see also 
Proposition 5.5) 

Proposition 4.14. Let ai, . . . , a^. be 1 < r < n rationally independent complex numbers and 
let 9^^\ . . . , 9^'^^ G Z" be Q-linearly independent integer vectors. Then: 

(i) if are rationally independent with 1, then [tp] = [X^^^i ctfc^^'^'] has toric 
degree r; 

(ii) if ai, . . . ,ar are rationally dependent with 1, then [(p] = [Yl^k=i Q^fc^*''^''] has toric de- 
gree r — 1 or r. 
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Proof, (i) Let ai,...,ar be rationally independent with 1. The toric degree of [ip] is not 
greater than r. Let us suppose by contradiction that [cp] has toric degree s < r. Then there 
exist ri^^\ ■ ■ . ,r]^^^ G Z" and Pi, . . . ,Ps £ C rationally independent such that 



k=l 



fc=i 



Let N be the matrix with columns r]^^\ ■ ■ ■ , 'r)^^\ and the matrix with columns 6^^\ . . . , 0^'^\ 
We have 







(PiV 






M = 


N ■ 






K")l 






Km. 




L \ QJr / - 



that is there exists an integer vector k G such that 



N ■ 



+ k. 



Since has maximal rank r, the linear map 0: Q'' — ^ Q" is injective and, for every U C Q" such 
that Q" = Im(e)eC/, there is a linear map Lu-.Q"" Q*^ such that ker(L[/) = U and Lu@ = Id; 
hence there is a linear map L[/: Z*" such that L[/0 = hid, with /i G Z \ {0}. Then 



— L[/k = h 



Oil 



, Or- 



Now, dim(ker(L[/A^)'^) > 1. In particular, there exists ^ G Z'' \ {O} such that (LuN)'^^ = O, 
that is ^'^ LuN = O; therefore 



Z 3 -(^Lu\i = 



h{^,a), 



which is an absurdum, because ai, . . . ,ar,l are rationally independent. 

(ii) Now we have ai,. . . ,ar rationally dependent with 1, and, arguing as in the proof of 
Lemma 4.9, we can suppose, without loss of generality, qi = 1/m and a2, . • • ,ar rationally 
independent with 1. If m divides . . . , 9n \ then [(p] = [Yll;=2 Q^fc^^'^''] has toric degree r — 1 
thanks to (i). Otherwise, we may assume, without loss of generality, m,0[^\ . . . coprime. 
The toric degree of [f] is not greater than r. Let us suppose that [(p] has toric degree s < r. 
Then there exist r/^^^ , • • • , ?7^^^ G Z" and /3i , . . . , /3s G C such that 



k=l 



k=l 



thus we have 



E«fe • rne'^ 



k) 



,fc = 2 



.k = l 



•k ■ mri 



(fe) 



and, since a2, . . . , are rationally independent with 1, by (i) we get s 



□ 
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Remark 4.15. Note that both cases in (ii) can occur. In fact, it is not difficult to verify that 



["Pi 



1/2 
V2 



-ei +\/2e2 +ze3 



has toric degree 3. However, if we consider, 



^2 




then 



[¥'2 



\/2/2 
-2 + 3\/2 + i)/2 




so the toric degree is 2. Proposition 5.5 will show how to distinguish between the two cases of 
Proposition 4.14.(ii). 

5. Torsion 

In [E], Ecalle introduced the following notion. 
Definition 5.1. Let A G (C*)"^. The torsion of A is the natural integer r such that 



(10) 



-27rzZ = (27riQ) n ( (27riZ) ((logAj)Z) 



l<3<n 



Translated in our notation, (10) becomes 



-z = Qn z ^,z , 

^ V l<J<n / 



where (/? is a representative of the unique [^p] G (C/Z)" such that A = exp(27ri[(^]). 

The torsion is well-defined, as the following result shows (and whose proof describes how 
to explicitly compute the torsion). 

Proposition 5.1. The torsion of a n-tuple (Ai,...,A„) G (C*)" is a well-defined natural 
integer. Furthermore, writing A = e^'^*''^], if[(p] is torsion- free, then r = 1; otherwise r divides 

the denominator of the first toric coefEcient in a reduced representation of [cp] . 

Proof. Let [p] G (C/Z)" be the unique vector such that A = exp(27ri[(^]), let 1 < r < n 
be its toric degree and let ^(i),...,^^ be a r-tuple of toric vectors associated to [</?] with 
coefficients ai, . . . , a^. 

Our aim is to determine the structure of the set 

R = qn fz0(/j,zj , 
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that is of the set of rational numbers x that can be expressed in the form 

Q3 X = mo + miipi H 1- m„<y9„ 

with mo, . . . , rUn € Write, as usual, 

r 

= hj + y^afc6>f\ 

k=l 

with hj G Z. Then 

r r 

a; = (mo + mi/ti H h m„/i„) + mi ^ 0^6'^''^ H h ^ «fc^i''^ 

fc=i fc=i 

r 

= m + ^afe(M,^W), 
fc=i 

where m G Z and M G Z"" are generic. If Q;i,...,ar are rationally independent with 1, it 
follows that .T G Q if and only if (M, O'^^^) = ■■■ = {M, 9^''^) = 0, and thus = Z and r = 1. 

I{ ai, . . . , Ur are not rationally independent with 1, let us use instead the reduced repre- 
sentation, with Pi = 1/m, the remaining coefficients P2, ■ ■ ■ ,Pr rationally independent with 1, 
and with ri^^\ . . . , ■q^'^^ as toric vectors. We get 

1 

m ^-^ 

k=2 

Therefore x G Q if and only if (M, 77^^^) = • • • = (M, rj^'^^) = 0, and moreover in that case 

x = fh+ —{M,r]'^^h. 
m 

Now, the set 

S = {(M, r?(i)) I M G Z", (M, r/^^)) = • • • = (M, r?^^)) = 0} 
is an ideal of Z; therefore S = qL for some g G N. It follows that 

i? = ze— z = ze4z = 4z, 

m mm 

where q and m are coprime, and q/m = q/m. Hence t = m, and we are done. □ 

Remark 5.2. Note that, in the previous proof, S / {O}, i.e., q 0. Indeed, S = {O} if 
and only if the kernel in Z" of the linear form (r/'^^^)-^ contains the intersection of the kernels 
in Z" of the linear forms (yy*^^-*)^, . . . , (77^''^)^. It is easy to see that this implies that the 
kernel in Q" of the linear form (ry^^^)^ contains the intersection of the kernels in Q" of the 
linear forms (r/'-^-')'^, (r/ )'^. But this implies that the linear form (rj^^'^)'^ is a Q-linear 
combination of (rj^^^)'^ , . . . , (rj^^^)'^ , and so r]^^\ . . . , 7]^^^ arc Q-linearly dependent, impossible. 

The next result explains the terminology of Definition 4.4. 
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Theorem 5.3. Let A = e^''*!'^! G (C*)". Then [(p] is torsion-free if and only if the torsion of X 
is 1. 

Proof. If [if] is torsion-free, then the toric coefficients of a toric r-tuple associated to [(p] are 
rationally independent with 1, and the torsion r is 1, by Proposition 5.1. 

Conversely, let ri^^\ . . . ,1]^'^^ be a reduced r-tuple of toric vectors associated to [(p] with 
toric coefficients l/m,(32, ■ ■ ■ ,/3r- Let us assume by contradiction that the torsion r of [ip] is 1. 
From the proof of Proposition 5.1 it is clear that wc have r = 1 if and only if {P,r]^^^) G mZ, 
for any P G Z" such that (P, ry^*^)) = for A; = 2, . . . , r. 

Since ri^^\ . . . , 'Q^^^ arc a toric r-tuple, we may assume, without loss of generality, that the 
matrix A of M„xn(^) with columns ry^^^, . . . , rj^'^^Cr, . . . , e„ is invertible in Mnxn{Q)- Denote 
by A^' the matrix in M(^r-i)x(r-i){'^) 



N' 



/ (2) 
.(2) 



(r) \ 



and by N" the matrix in M(„_r_|_i)x(r-i) (^) 



N" 



(2) 



Then 



A 



N' O 

In-r+l 



and det(^) = det(7V') / 0. 

We claim that, up to pass to another toric r-tuple r]^^\ 'r]^^\ . . . , r]^^\ we may assume 
that m = det(iV') and rf^'^ G {Oy-^ x Z'^-''+i. In fact, t?^^) = A'^Ck-i for k = 2,...,r, 
with A-^ G M„xn(Q)- Hence P G Z" is such that (P,r?('=)) = for A; = 2, . . . , r if and only 
if {A^P, ej) = for j = 1, . . . , r - 1, that is A^P G {O}'"-^ x Z"-'~+i. Now, we have 



A'^P 



N'T 

O In-r+l 



P' 



n e X Z 



yn—r+1 



if and only if 
P = 

that is 



P" 



with P" G Z 



n — r+l 



and (Ar'^)-iAr"^P" G Z 



vr—l 



P" e ^n-r+i and {N'+fN"^P" G det(iV')Z^-i 

where (A^'+)^ G M(^_i)x(r-i) (^) and (iV'+)'^Ar' = det(A^')/:r-i- In particular, since we are 
assuming 



(11) 



(p^jjCfc)) = Ofor A: = 2,...,i 



(P,r?(^)) G mZ, 
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in particular, we get 



o 



for any P" G det(Ar')Z"-'"+^ Then there exist qi, . . .,qr-i G Q and r/^^) G {OY'^ x Z"-''+i 
such that 



that is 



thus we get 



A ^r)^^^ = qiei H h g^-ier-i + 



det(A^') 



m ^-^ 

k=2 

mdet(iV')^ +2^l,^fc+ ^ 



fe=2 



det(Ar') 



fc=2 



7n— r+1 



Note that P2, ■ ■ ■ , Pr are rationally independent with 1. 

Now we can assume that (11) holds with m = det(A''') and rj^^^ G {O}''"^ 
We claim that there exist 72, . . . ,7r G C* such that [cp] = Efc=2 Tfe'?^'^^]) i-®-) if] toric de- 
gree r — 1, contradicting the hypotheses. We can have [(p] = Efe=2 7fc^^'^^] with 72, . . . , 7^- G C*, 
if there exists 6' G Z''"^ such that 



02 \ 
,7r/ 



■/32 



and 9' ^l/' is a solution 



(12) 



N"N 



Xl 



mod mZ 



n — r+l 



(1) 



In fact, since N"N'-'^ = {l/m)N"N'+, this implies 



(13) 



1 w-Lf o 



O 



N"N'-^e' I ' 
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modulo Z, where r;"^^) = {r]r^\ . . . ,'r)n'^), hence 

'/32 




N"N'-'^e' 



Now we prove that, if (11) holds with m = dei{N') and r?(^) G {O}"-^ x Z"-''+\ then 
there exists a solution 6' G Z''"-'^ of (12). In fact, if P" ^ m'L^~'^^^ is a multi-index such 
that P""^ N" N'^ G mZ''"^, then by (11) we have P"^r/"^^) G mZ, where we use the same 
notation of (13); thus, since up to reorder the indices we may assume that the last coordinate 
of P" is not in mZ, we can substitute P"'^N"N'+x = P"'^r;"(i) to the last equation of (12), 
and we have to solve a system with one equation less. We iterate this procedure for a set of 
generators of a complement of ■mZ"-~^~^^ in the lattice of P" until, up to reordering, we get 



B 



Xi 



< ^r— 1 ' 



.(1) 



\ 



mod mZ'^ 



. 'Ir+h-l / 



where l<h<n — r + 1, Be M/jx(r-i)(Z) is the matrix of the first h rows of N"N"~^, and 
for any R m,1j'^, wc have R^B ^ mZ''"^, that is B has maximal rank modulo m. 
U h = 1, then we have 



(14) 



biXi + • • • + br-iXr-i = rj^^ mod mZ. 



If 6i, . . . , br-i,m are coprime it is obvious that (14) is solvable. If the greatest common divisor 
of 6i, . . . , br-i,m is p > 1, then m = qp and q{bi, . . . , 6r--i) G mZ''"^, hence, by (11), we must 
have rj^^ G pZ too, thus 



h 
P 



xi + • • • H Xr-i = mod — Z 

P P P 



is solvable. 

Let us now suppose 1 < h < n — r + 1. Since B has maximal rank modulo m, there 
exists B^ in M(r_i)xfe(Z) such that B^B = dir-i, modulo mZ where d ^ m. Thus we have 





( 4'^ 


\ 










mod mZ^ 


\Xr-\ / 


\ 'Ir+h- 


J 
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If d and m are coprime, we are done. Otherwise, let p be greatest common divisor of d and m, 
and let q = m/p. Since B~^B = dir-i modulo mZ, we have qB^B = O modulo mZ, thus, 
since we are assuming that for any R mL^, we have Fl^ B mU~^ , it has to be qB^ = O 
modulo mZ, that is 5+ = pB modulo mL. Therefore we have 



= B 



- 'lr+h-1 / 



mod — Z'^, 
P 



which is solvable, as we wanted. 



□ 



The torsion case is more delicate and difficult to deal. First, given [ip] G (C/Z)" with toric 
degree 1 < r < n and torsion r > 2, and a reduced toric r-tuple ri^^\ . . . ,ri^^\ we have 



(15), 



n Res+(,7('=)) D Res,([^]) D f] Res+C^y^'^), 



k=2 



k=l 



yielding a subdivision in more subcases, all realizable (we have examples for all of them) and, 
surprisingly, having very different behaviours ones from the others; we have cases similar to 
the case of germs of vector fields (even if we have torsion!), and cases that are indeed different. 
In particular, considering iterates of / to reduce to the torsion-free case hides very interesting 
phenomena, and it does not allow to see that some torsion cases can be directly studied. 
Moreover, we have explicit (and computable) techniques to decide in which subcase a given 
[ip] G (C/Z)" is. 

Example 5.4. Let us consider the vector 



1 /I 



6 V3 



+ V2 



1 



G (C/Z)2, 



of toric degree 2. We have 
if and only if 

hence 



(P,r/(2)) =pi -6p2 = 



PG 



Res+(r/(2)) = {{6h + l,h) \ heN\{0}} and Res+(?7(2)) = {{6h,h + l) \ /t G N\{0}}, 

{{6h,h),ri^^^) G 9Z, 



and 
that is 



S = 



and the torsion is clearly 2. Moreover, we have 



1 fl\ 3^2-1 / 1 

ir 3 1-6 



G (C/Z)2. 
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Using the torsion r of a vector, we obtain a complete criterion to compute the toric degree 

of a vector, as next result shows. 

Proposition 5.5. Let [ip] G (C/Z)" and let r be its torsion. If 



m ^-^ 



k=2 



with rj^^^ mZ", then [if] has toric degree r if and only if the torsion of [(p\ is r > 1, the 
coefficients /32, ■ ■ ■ ,(3r are rationally independent with 1, and the integer vectors ri^^\ ■ ■ ■ ,r/'^'') 
are Q-linearly independent. 

Proof. It follows from Lemma 4.9, Proposition 5.1 and from the proof of Theorem 5.3. 

6. Poincare-Dulac Normal Form in the torsion- free case 

In the torsion-free case, it is not difficult to show that we can compute the resonances 
of [if], which are multiplicative, using the additive resonances of one of its associated r-tuples 
of toric vectors, as the next result shows. 

Lemma 6.1. Let [y?] G (C/Z)" be of toric degree I < r < n and torsion-free. Then for 
any r-tuple of toric vectors, 9^^\ . . . , 0^^'> , associated to [(p] we have 

r 



k=l 



for every j = 1, . . . , n. 
Proof. We have 



(16) 



[{Q, if) - ipj] 



j:a,((Q,0«)-0f) 

.k=l 



and, since ai, . . . , are rationally independent with 1, the right-hand side of (16) vanishes if 
and only if (Q, - 9^''^ = for every k = l,...,r. □ 

Example 6.2. Let us consider the torsion-free vector 



[^] 



V2I 2 j + 2i f 3 



G (C/Z)3, 



of toric degree 2. Then 



{P,eW) = 3pr + 2p2-p3 = 



for some P G Z", if and only if 



1 \ 

PG I 1 

1 / 



z. 
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Hence in this case 



Resi([(^]) =Res3([9?]) =0 and Res2([9j]) = {(1, 0, 1)}. 
Example 6.3. Let us consider the vector 

G (C/Z)-\ 

Again, [if] has toric degree 2 and it is torsion-free. In this case, we have 

f (P,^W) = 3pi + 2p2-P3 = 

for some P G Z", if and only if 



Hence 

Resi([99]) 
Res2(M) 
Res3([(^]) 

We have the following immediate corollary of Lemma 6.1. 

Corollary 6.4. Let A G (C*)" and let [cp] G (C/Z)" be such that A = e^'^*!'^!. If [ip] is 
torsion-free and has toric degree 1 < r < n, then for every r-tuple 9^^\ ... , 6^"^^ of toric vectors 
associated to [ip] we have 

r 

ReSj(A) = Pi Res+(0('=)) 

k=l 

for every j = 1, . . . ,n. 

Lemma 6.5. Let [ip] G (C/Z)" be of toric degree 1 < r < n and torsion-free. Then for any r- 
tuple of toric vectors, 9^^\ . . . ,6^^\ associated to [ip] we have 9^'^^ = 9^/^^ whenever [ipj] = [(ph], 
for every k = 1, . . . ,r. 

Proof. If [ipj] = [iph], then 

ai^j') + • • • + a^^f ^ 
hence there exists m G Z, such that 

and, since — 9^^'' G Z for k = 1, . . . ,r, the assertion follows from the rational independence 
with 1 of ai, . . . , ar- □ 




+ 2i 




= {{q+l,5q,13q)\qen\{0}} 
= {{q,5q+l,13q)\qeN\{Q}} 
= {(g,5g,139 + l) UgN\{0}}. 



(r) 
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Definition 6.1. Let / be a germ of biholomorphism of C" fixing the origin. We say that / 
is torsion-free if, denoted by A = {Ai, . . . , A„} the spectrum of d/o, the unique [cp] G (C/Z)" 
such that A = e^'^*t'^l is in the torsion-free case. 

We have then the following complete description of Poincare-Dulac holomorphic normal- 
ization in the torsion-free case. 

Theorem 6.6. Let f be a germ of biholomorphism of C" Rxing the origin O, of toric de- 
gree 1 < r < n and in the torsion-free case. Then f admits a holomorphic Poincarc-Dulac 
normalization if and only if there exists a holomorphic effective action on (C" , O) of a torus of 
dimension r commuting with f and such that the columns of the weight matrix of the action 
are a r -tuple of toric vectors associated to f. 

Proof. It follows from Theorem 3.1, Lemma 6.5 and Corollary 6.4. □ 



7. Poincare-Dulac Normal Form in presence of torsion 

Let us consider now [if] G C/Z, of toric degree 1 < r < n and let 9^^'' , . . . , 6^^^ be a r-tuple 
of toric vectors associated to [tp] with toric coefficients ai, . . . , a^. rationally dependent with 1. 
We shall put 

P(ai, . . . , ar) = {M G Z*" | miai -!-••• + mrCUr G Z}, 

and 

n 

Adm(0(i),...,eM) = IJ Admj(e(^),...,0('^)), 

where 

Admj(^(i),...,^(^)) = {M G Z^ 3Q G N", |Q| > 2s.t.mfc = (Q-ej,0('=)) VA; = 1, . . . ,r}U{0}, 
for any j G {1, . . . , n}. 

Even if, in this case, it is not always true that we can compute the resonances of [(p\ as 
intersection of additive resonances, we can say many things on the resonant multi-indices using 
reduced r-tuples associated to [99]. 

Lemma 7.1. Let [p] <E (C/Z)" be of toric degree 1 < r < n and let ri^^\ . . . , rj^'^'' be a 
reduced r-tuple of toric vectors associated to [99] with toric coefRcients l/m,P2, ■ ■ ■ ,/3r. Then 

(i) P(l/m,/32,...,/3r) = {(/im,0,... ,0) | /i G Z} C Z''; 

(a) we have 

V{l/m, /32 ,...,/?.) n Adm(r?(i) , . . . , r? ^ ) 7^ {O} 
if and only there exist Q G N", with |Q| > 2 and j G {1, . . . , n} such that 

r 

{Q - ej,ri^''^) G mZ \ {0} and Q G f] Res+(r/('=)); 

k=2 

(Hi) we have 

r 

ReSj(M) = {Q G N" I IQI > 2, (Q - e,-,r?(^)) G mZ} n f] Res+(r/('=)), 

k=2 
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for any j G {1, . . . , n}. In particular, 

r r 

(17) n Res+(^^'^) 2 Res,(M) D p Res+(r?('=)), 



fc=2 



fe=l 



for any j G {1, . . . , n}. 



(iv) [ipj] = [cph] implies that m divides rf^ — and that r]^^' = r]"^' for any k = 2, . . . ,r. 
Proof, (i) One inclusion is obvious. Conversely, let M G P(l/m,/?2, • • • ,Pr)', then 

mi — + 777-2/32 + • • • + rrirPr G 

777 

Since (32, ■ ■ ■ , (3r are rationally independent with 1, this implies 7772 = • • • = 777^ = 0, thus we 
must have 7771/771 G Z, and we are done. 

(ii) It is immediate from the definitions of T){l/m, P2, ■ ■ ■ ,Pr) and Adm(77(^), . . . ,r]^^'') and 
from (i). 

(iii) It is immediate from (ii) and from 



(fc) _ Jk) 



(18) 



[{Q, (f) - ipj] 



l(Q-e„7?W) + J^/3,(Q-e„7?W) 



fe=2 



(iv) If [ifj] = [ifh], then 



m ■' ■' •' 



(r) 



— Vh +P2Vh + ^PrVh 



hence 



and, since 7/j^^ — 77^'^'' G Z for A; = 1, . . . , r, the assertion follows as in (i). 



□ 



Remark 7.2. Note that, given [ip] G (C/Z)" of toric degree 1 < r < n, if ri'^^\ . . . , rj^^^ is 
a reduced r-tuple of toric vectors associated to [ip] with toric coefficients 1/m, l32, ■ ■ ■ , Pr, and 
such that [(fj] = [iph] for some distinct coordinates j and h, but rjj^^ ^ rij^\ then, since 777 
divides 77^^^ — 7/^^^ , we have 



1 (1) 1 (1) 1 / (1) 

m ■' 777 m \ / 



thus 



777 



(fc) 



k=2 



where, 77^^^ = 77p^^ for any p ^ j,h and 77^- = rjj^'' , that is 77^^^ = 77'-^-' — (77^-^'' — rlj^^)ej , obtaining 
a compatible reduced r-tuple. 

Even in the torsion case, toric r-tuplcs associated to a same vector [ip\ have to verify certain 
properties on the resonances, as next result shows. 
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Lemma 7.3. Let [cp] G (C/Z)" be of toric degree 1 < r < n and in the torsion case. 
Let r]^^^ , ■ ■ ■ , V^^^ be a reduced r-tuple of toric vectors associated to [(p] with toric coeffi- 
cients 1/m, (32, ■ ■ ■ , Pr 3,nd let ■ ■ ■ , ^^^"^ be a reduced r-tuple of toric vectors associated 
to [(fl with toric coefficients 1/m, 72, . . . , 7r.- Then we have 

nRes+(r?W)= nRes+(e«), 



k=2 



k=2 



for any j = 1, . . . ,n. 
Proof. We have 



k=2 



k=2 



Then 



[mm(p\ 



(k) 



.k=2 



.k = 2 



and, by Proposition 4.14, [mimp] has toric degree r — 1 and is torsion-free, because /32, ■ ■ ■ ,Pr 
and 72, . . . , 7r are rationally independent with 1. Therefore, by Lemma 6.1, we have 

r T 

Pi Res+(r7('=)) = Res^ ([mm(^]) = Q Res+(^('=)), 



k=2 



k=2 



for any j = 1, . . . , n, and we are done. 



□ 



As Theorem 5.3 shows, it is not possible that {P,ri^^^) G mZ for any P G Z" such 
that (P, 77^*^)) = for A; = 2, . . . , r. However, it is possible that 



Res,-(M) = n Res+(r?(^)) 



k=2 



for any j G {1, . . . , n}, as next example shows. 
Example 7.4. Let us consider the vector 




1 



V2 






V 1 / 



+ V3 



5 
2 



G (C/Z) 



of toric degree 3. In this case I'(l/3, ^2, v^) = {{3h, 0,0) \ h e 1}. We have 

(P,r/(2)) = -I2pi +P4 = 

if and only if 



P G 



/1\ 





Vi2y 



Z © e2Z © eaZ, 
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and 

(P,r/(3)) = 5p2 + 2p3 = 



if and only if 



P e 



( ' 

-2 

5 

V 



Z©eiZ©e4Z. 



We have 



Res^(r?(2)) = {{qi,q2,q3, 12(gi - 1)) Ui,92,93 € N, 13gi + g2 + 93 > 14} 
Res^ (r/(2)) = {(gi, 92, 93, 12gi) | gi, 92, 93 e N, ISgi + 92 + 93 > 2} 
Res+(r/(2)) = Res+(r/(2)) 

Res|(r/(2)) = {(91, 92, 93, 1291 + 1) | 9i, 92, 93 e N, ISgi + 92 + 93 > 1} , 



and 




Res+(r/(=^)) = {(91,0,0,94) I 91,94 e N, 91 + 94 > 2} 

Res+(r/(=^)) = {(91,1,0,94) I 91, 94 eN, 91 + 94 > 1} 

Res+(r/(=^)) = {(91,0,1,94) I 91,94 eN, 91 + 94 > 1} 
Res+(r/(3)) = Res]^(r/(^)). 

Moreover for each multi-index of the form (p, 0, 0, 12p) with p > 1, we get 



12p G 3Z. 



Then it is easy to verify that 

Resj([^]) = Res+(r?(2)) n Resf{r]^^^), 

for J = 1,...,4. 

Remark 7.5. Last example shows that, even in the torsion case, there are vectors [(p] G (C/Z)" 
such that, for any j, ReSj([99]) can be written as intersection of sets of additive resonances. 

We have then the following definition. 

Definition 7.1. Let [(p] G (C/Z)"" be of toric degree 1 < r < n and in the torsion case. We say 
that [(p] is in the impure torsion case if, given ri^^\ . . . ,77^''^ a reduced r-tuple of toric vectors 
associated to [ip] with toric coefficients 1/m, P2, ■ ■ ■ , Pr, we have 

r 

(19) Res,(M) = fl Res+(r?('=)), 

k=2 

for any j G {1, . . . , n}. Otherwise we say that [up] is in the pure torsion case. 

The next result shows that the impure torsion case is well-defined, i.e., it does not depend 
on the chosen toric r-tuple. 
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Lemma 7.6. Let [(/?] G (C/Z)" be of toric degree 1 < r < n and in the torsion case. 
Let ri^^\ . . . , 1]^^^ be a reduced r-tuple of toric vectors associated to [f] with toric coeffi- 
cients 1/m, P2, ■ ■ ■ , Pr- If 

r 

(20) Res,([^])= nRes+(ry«), 

fc=2 

for any j G {1, . . . , n}, then (20) holds for any other reduced toric r-tuple associated to [if]. 

Proof. Let . . . , ^^"^^ be another reduced r-tuple of toric vectors associated to [</?] with toric 
coefHcients 1/m, 72, . . . , 7t-. Since 77^^^ . . . ,77'^'"^ is in the impure torsion case, we have 

r 

Res,-(M) = fl Res+{r,^% 

k=2 

but, thanks to Lemma 7.3, we have 

r r 

n Res+(77('=)) = n Res+(e(^)), 

k=2 k=2 

for any j = 1, ... , n, that is , . . . , ^^"^^ satisfy (20). □ 

Definition 7.2. Let / be a germ of biholomorphism of C"^ fixing the origin. We say that / is 
in the impure torsion case [resp., in the pure torsion case] if, denoting with A = {Ai, . . . , A„} 
the spectrum of d/o, the unique [(p] G (C/Z)" such that A = e^'^'I'''] is in the impure torsion 
case [resp., in the pure torsion case]. 

Theorem 7.7. Let f be a germ of biholomorphism of C" fixing the origin O of toric de- 
gree 1 < r < n and in the impure torsion case. Then it admits a holomorphic Poincare-Dulac 
normalization if and only if there exists a holomorphic effective action on (C"^,0) of a torus 
of dimension r — 1 conamuting with f, and such that the columns of the weight matrix of the 
action are reduced torsion-free toric vectors associated to f. 

Proof. It follows from Theorem 3.1, Lemma 7.1 and Lemma 7.6. □ 

The next examples show that, in case of pure torsion there are more possible cases. 
Example 7.8. Let us consider the vector 



e (C/Z)2, 



of toric degree 2. In this case I){l/6, ^/2) = {(6/1, 0) | h G Z}. We have 

(P,r/(2)) =pi + 6p2 = 



if and only if 



hence 



P G 



-6 
1 



Res]^(r?(2)) = and Res^(r?(2)) = {(6,0)}. 
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Since 
we have 

for j = 1, 2, so we have 



((6,-l),?7W) = 3^6Z, 
P(l/6, V2) n Adm^- (??(^) , 77(2) ) = {O} 

r 

Res,-([^])= f|Res+(7?('=)) = 0, 

fc=i 



for J = 1, 2. Moreover, it is evident that the torsion is 2. 
Example 7.9. Let us consider the vector 



1 fi 



7 V 3 



+ V2M, 



-6 



G (C/Z)2, 



of toric degree 2. In this case I'(l/7, V2) = {{7h, 0) \ h e Z}. We have 

Res^(r?(^)) = and ResJ"(ry(^)) = {(3,0)}, 

and 

Res^(ry(2)) = {(6/i + l,/i) | G N\{0}} and Res^(r?(2)) = {(6/1, /i + 1) | h G N\{0}}; 
then 

Res]^(?7(^)) n Res]^(r?(2)) = and Res^(r?(^)) n Res^(r/(2)) = 0. 
However, we have 

((6/i,/i),r?(^)) G 9Z; 

hence we have 

Res+(r/(2)) D Rcsi(M) = {(42/i + 1, 7/i) | /i G N\{0}} D Res^ (t?^^)) n Res^(r/(2)) 
Res^(?7(2)) D Res2([^]) = {(42/i, 7/i + 1) | /i G N \ {0}} D Res^(r/(^)) n Res^Cjy^^)). 

Moreover, it is not difficult to verify that the torsion is 7. 

In the pure torsion case, one could ask whether, given a toric r-tuple r]^^\ ■ ■ ■ ,rf^'^^ associ- 
ated to [if] such that 



(21) 



n Res;(,?(^)) D Res,(M) D f] Re^irj^'^), 



k=2 



k=l 



for some j G {1, . . . , n}, then this is true for any other toric r-tuple associated to [if]. This is 
not always true, as next example shows. 

Example 7.10. Let us consider the vector 




+ V2 ^ +V3 



/ 



V 5 



G (c/z)^ 
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of toric degree 3. In this case I'(l/3, v^, ^/3) = {{3h, 0,0) \ h e Z}. We have 

Res+(r?(^)) = 0, 

for J = 1,...,4, 

Res+(r/(2)) = {(l,0,p,g) \ p,q e N,p + q > 1} 

Res+ (r/(2) ) = {{6,0,p,q)\p,qef^}U{{0,l,p,q)\p,qen,p + q>l} 
Rcs+(r/(2)) = {(0,0,^5,9) \p,qeN,p + q>2} 
Res^(r?(2)) = Res^(r?(2)), 



and 



Res^(r/(3)) = {(/i,A;,5g,g) | /i, A;, g G N, /i + /c + 6q > 2} 
Res^(r/(3)) = Res^(r/(3)) 

Res;^(r/(^)) = {(/i,A;,5g + l,g) \ h,k,q € n,h + k + 6q > 1} 
Res|(?7(^)) = {{h,k,5{q-l),q) \ h,k,q £ 'N,h + k + 6q > 7} . 



Then we have 



p Res+Cjy^'^)) = 0, 

k=l 

for j = 1, . . . , 4, but it is not difficult to verify that 

Res2(M) = {(0, 1, 5q, q)\qeN*}j^0 and ReSj{[<p]) = Res+(r/(2)) n Res+(r/(^)) j = 1, 3, 4. 
Then, since 

Res+(r/(2)) n Res+(??(3)) = {(6, 0, 5q, q)\qeN}U {(0, 1, 5q, q)\qen*}^ Res2(M), 

we are in the pure torsion case, but we cannot write all the resonances of [</?] as intersection of 
the additive resonances of ri^^\ rj^'^'^ and However, we can write 



( 



1 

-2 
1 

V-5. 



+ \/2 



/I' 

6 





+ V3 



and it is not difficult to verify that, in this representation, we have 

3 



Res,([^])=nRes;(e(^)), 



fe=i 



for j = 1, . . . ,4. 

Example 7.11. If \ip\ G given by Example 7.9, we saw that we can write it in the 

form 



i^(l)+^^(2) 
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so that 



(22) Res+(??(2)) D Res^ ([(/?]) D Res+(r?(i)) n Rcs+(r?(2)), 

for all j. Furthermore, it is easy to check that [(p] does not admit any reduced representation 



1^(1) +^^(2) 



such that for any j we have 



(23) Res,([^]) = Res+(^(i)) n ResU^^'K 



We are then led to the following 
Definition 7.3. Let [cp] G (C/Z)"- be of toric degree 1 < r < n and in the pure torsion case. 
We say that [(f] can be simplified if it admits a reduced r-tuple of toric vectors tj*^^-* , ■ ■ ■ , V^^^ 
such that 

r 

(24) Res,(M) = fl Res+(r?('=)), 

fc=i 

for all j = 1, ... , n. The r-tuple rj^^^ , ■ ■ ■ , V^^^ is said a simple reduced r-tuple associated to [(p] . 
Definition 7.4. Let / be a germ of biholomorphism of C"" fixing the origin in the pure torsion 
case. We say that / can be simplified if, denoting with A = {Ai, . . . , A„} the spectrum of d/o, 
the unique [(p] G (C/Z)" such that A = e^^^^^^ can be simplified. 

Theorem 7.12. Let f be a germ of biholomorphism of C" fixing the origin O of toric de- 
gree 1 <r < n and in the pure torsion case and it can be simphfied. Then: 

(i) if d/o is diagonalizable, f admits a holomorphic Poincare-Dulac normalization if and 
only if there exists a holomorphic effective action on (C", O) of a torus of dimension r 
commuting with f and such that the columns of the weight matrix Q of the action are 
a simple reduced r-tuple of toric vectors associated to f; 

(a) if d/o is not diagonalizable and there exists a simple reduced r-tuple of toric vectors as- 
sociated to f such that its vectors are the columns of a matrix Q compatible with d/o, / 
admits a holomorphic Poincare-Dulac normalization if and only if there exists a holo- 
morphic effective action on (C",0) of a torus of dimension r commuting with f and 
with weight matrix Q. 

Proof. It follows from Theorem 3.1. □ 

Remark 7.13. Note that we cannot get rid of the compatibility hypothesis in the case of d/o 
non diagonalizable, because if we change a simple reduced toric r-tuple as in Remark 7.2, it 
is not true that we obtain another simple reduced r-tuple. In fact, if [p] G (C/Z)" has toric 
degree 1 < r < n, and r/'-^-' , . . . , rj^^^ is a simple reduced r-tuple of toric vectors associated to [p] 
with toric coefficients 1/m, P2, ■ ■ ■ , l3r, but we have [cpj] = [iph] for some distinct coordinates j 
and h, and r)^^'' 7^ r)j^\ then for every P G Res; ([</;]), the equality 



m I ^ 



m 

k=2 
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with ij^^^ = rj^^^ — (ryj^^ — rj^f^^)ej, only implies 



m 



and there well can be resonant multi-indices with ph ^ 1. 

In case of pure torsion that cannot be simplified, we have the following result. 

Proposition 7.14. Let f be a germ of biholomorphism of C" fixing the origin O of toric 

degree 1 < r < n and in the pure torsion case and it cannot be simpUfied. If there exists 
a holomorphic effective action on (C",0) of a torus of dimension r commuting with f and 
such that the columns of the weight matrix of the action are a reduced r-tuple of toric vectors 
associated to f, then f admits a holomorphic Poincare-Dulac normalization. 

Proof. It follows from Theorem 3.1 and Lemma 7.1. □ 

We end this section describing an algorithm to decide when a vector [ip] can be simplified. 
We want to know when, given [99] in the torsion case. 



[^] 



TP 

^ 7 o 



fe=2 



of toric degree r, torsion r > 2, and such that there is j G {1, . . . , n} so that 

r r 

(25) Pi Res+ (?7('=) ) C Res,- ( [y'] ) C f] Res+ (r/^'^) ) , 



fe=i 



k=2 



there is another reduced representation 



^ 1 o 



k=2 



such that for any j = 1, . . . , n we have 

r 

(26) Res,([^]) = nRes+(^«) 

k=l 

We know that there must be G \ {0} such that 
Since 



TP 



k=2 



k=2 



n Res+(r?('=)) = n Res+(^('=)), 



k=2 



k=2 



for any j = 1, . . . , n, we have that 



;! (ry(i) , P - e, ) = ^ (^(1) ,P-e,) + {H,P- e, ) 



36 



for any P G fYk^^Resj {r]^''^). Now, if {^'^^\P- Cj) = it must be {'q^^\P - cj) G rpZ. On 
the contrary, if {ri^^\ P — ej) G rpZ, then we would hke to find H such that {C^^\P - Cj) = 
that is, for any j = 1, . . . , n, 

^{r^W,P-ej) = {H,P-ej) 

for any P G nfe=2 -^^^/l^'''^'') ^^^^ {r]^^\P — ej) G rpZ. In fact, if such a vector exists, then, 
setting q = p, = rj^^^ — rpH, jk = Pk and r/^'^) = ^^^^ for A; = 2, . . . , r, we get 



TP 

^ k=2 



(k) 



and for any P G ReSj([(/3]) we have P G 01=2 Rcs^(^(*^)), and 

(^(1) , P - e,) = {r,^'^ ,P-ej)-{H,P- e,-) = 0, 

that is (26). 

We then have to study the structure of the intersection of a submodule of Z"" with N". It 
turns out that such a structure is the following. We thank Jean Ecalle for suggesting the gist 
of the following argument. 

Let ^ C be a sub- module of Z" where n G N*, and let us denote by ^+ the set N". 
For any vector A = (ai, . . . , a„) G .4, we denote by 

(27) red{A) = ^A=(^,...,^ 

a \ a a 

where a is the greatest common divisor of ai, . . . , a„. The support of a vector A & Z"- is the 
set 

supp(A) = {j G {1, . . . ,n} I aj 7^ 0} C {1, . . . ,n}. 

Using the support wc can then define a partial order on A'^ as follows: we say that A C B 
if supp(A) C supp(i?), or the supports are equal and A < B m the usual lexicographic order. 

Definition 7.5. Let ^ C Z" be any sub-module of Z", where n G N*, and let A'^ be the 
set ^ n N". For any A, B e A'^ we define 

(28) A/B = red(gA - pB) 
where 

P 



mm 

q jesupp(_B) \ bj 
Obviously, if supp(5) C supp(A), then A/B e A"^ and A/B C A. 

Definition 7.6. Let ^ C Z" be any sub-module of Z", where ri G N*, and let A'^ be the 
set .4 n N". An element M of A'^ is said minimal if it is minimal with respect to the partial 
order C. An element C of A'^ is said cominimal if for any minimal element M of A'^ we 
have C- M ^A+. 

Minimal elements have to satisfy certain properties. 

Lemma 7.15. Let A C Z"^ be any sub-module of Z"^, where n G N*, and let A'^ be the 
set n N". Two minimal elements of A'^ have distinct supports. 

Proof. Let M and P be two distinct minimal elements of .4"*" and suppose by contradiction 

that supp(M) = supp(P). Then A = M/P and B = P/M both have supports strictly 
contained in the ones of M and P contradicting their minimality with respect to C. □ 
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Corollary 7.16. Let A d 11^ he any sub-module ofZ"-, where n G N*, and let A'^ be the 

set A n N" . Then A~^ contains only a Gnite number of minimal elements. 

Minimal elements are a sort of generators of A'^ in a sense that next result clarifies. 

Lemma 7.17. Let A C Z"' be any sub-module of Z", where n G N*, and let A'^ be the 
set A n N". Then every element A of A'^ can be written in the form 

(29) A =haiMi + aaMd) 



where ai, . . . , G N, Mi, . . . , M^, are the minimal elements, and S = S{A'^) G N* depends 
only on A'^ ■ 

Proof. If A is non minimal, then there exists a minimal element Mj^ C A, and there ex- 
ist Ji,di G Q"*" such that 

A = 7iMj-, +^1^1, 

where 

Ai = A/Mj^, 

and supp(^i) C supp(^). If Ai is not minimal, we can iterate this procedure getting 

Ai = 72 M,, +,52^2, 

with supp(^2) C supp(yli) C supp(^). The chain supp(^) D supp(Ai) D supp(A3) D ••• 
has to end because A'^ C N"", then we eventually arrive to a decomposition of the form (29). 
Now 6 = ^(.4"'") cannot be greater than the least common multiple of all | det(M*)| where M* 
varies in the square submatrices of order equal to the rank of the matrix having as columns all 
the minimal elements Mi, . . . , of A'^- □ 

The cominimal elements are finite too. 

Lemma 7.18. Let A d 17^ be any sub-module of Z", where n G N*, and let A'^ be the 
set A n N". Then A~^ contains only a finite number of cominimal elements. 

Proof. Let us assume by contradiction that there is an infinite sequence of distinct cominimal 
elements {Cj}. Thanks to Lemma 7.17, for each j > 1, we have 

1 

k=l 

where jjk G N. Then there is an infinite subsequence {Cj'} such that all the correspond- 
ing (7j',i, . . . , 7j',d) belong the a same class (71 , . . . , 7^) modulo 5Z'^. Hence there is an infinite 
subsequence {Cj"} such that at least one component Jj'^ko diverges as j" tends to infinity, 
and such that the other components 7j",fc with k ^ ko do not decrease. Then there exist at 
least two cominimal elements Cj^ < Cj.^ such that 

d 
k=l 

with ^ 

7fc = ^ (7j2,fc -7ji,fc) e N 
meaning that Cj^ is not cominimal against the assumption. □ 
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For each clement of , we want to find a decomposition with natural coefficients into 
linear combination of a finite number of elements of A'^. This is possible using minimal and 
cominimal elements, as shown in next result. 

Proposition 7.19. Let A C be any sub-module ofZ"', where n G N*, and let A'^ be the 
set .4 n N". Then for any A e A'^ there exist Zi, . . . , e N such that 

d 

(30) A = J2ljMj 
or 

d 

(31) A = Ch + Y,ljMj 

for some h G {1, . . . , e}. where Mi, . . . , are the minimal elements of A'^, and {Ci, . . . , Ce} 
are the cominimal elements of A'^ . 

Proof. If A is non cominimal, there exists a minimal element Mj^ < A; thus if = ^4 — Mj^ 
is not cominimal, we iterate the procedure. The chain A > Ai > A3 > ■ ■ ■ has to end with a 
zero, i.e., we get a decomposition of the form (30), or with a cominimal element, i.e., we get a 
decomposition of the form (31). □ 

Remark 7.20. Note that it can happen that the number of minimal elements of A'^ is not 
equal to the maximum number of Q-linearly independent elements of In fact, if we consider 
the submodule A of orthogonal to (1, —1, —1, 1)^, and A'^, such a maximum is clearly 3, 
but we have four minimal elements 




and we need all of them (and no cominimal) to ensure (30) and (31). 
Returning to our problem, if now we consider 

A = {Qe Z" I (Q,r?W) =0, for A; = 2,..., r}, 

it is easy to verify that 

r 

f] Res+(??(^)) = ^+U^+ 

k=2 

where 

= {P G N" I P = Q + e,-, Q e A+, \Q\ > 1} 

and 

fi+ = {P G I P = Q + e,-, QeA,qh>0, for h ^ j, qj = -1, \Q\ > 1}. 
Notice that Q G Bj' if and only if we have 

(32) (^W,g)=^« forfe = 2,...,r 
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where Q = (gi, . . . , g^.i, . . . G N" ^ and ryW = (jyf \ . . .,Vj-i,Vj+i, ■ ■ ■ ,Vn^), i-e-, Q 
is a solution in N""^ of the linear system with integer coefficients (32). Moreover, since A 
is a submodule of Z", Proposition 7.19 applies to A'^. Let 971 = {Mi, . . . ,Mfi} be the set of 
minimal elements of .4"'" and let £ = {Ci, . . . ,Ce} be the set of cominimal elements of A'^ 
(recall that they all are different from O, hence their modulus is at least 1). We can thus 
consider the subsets {M[, . . . , M'^} C 9Jl and {C(, . . . , C^} C <t of the minimal and cominimal 
elements R of A'^ such that (r/'-^-' , R) G rpZ. Then [ip] can be simplified if and only if there 
exists H e Z'^ such that 

{H,M'^) = l-{r,^'\M'^), 



TP 



for 1 < /i < s. 



ioT 1 < I < t, and such that, for any _7 = 1, . . . , n, we have 

for every solution Q G N" of (32), with \Q\ > 1, such that {Q,r]^^^) G rprifH. 



8. Construction of torus actions 

In this last section we shall see some conditions assuring the existence of the torus actions 
we need. 

Let X G X„ be a germ of holomorphic vector field of (C",0) singular at the origin, in 
Poincare-Dulac normal form, i.e., 

X = X'^''' + X""^ + X"^^" 
where, denoting with dj the partial derivative d/dzj, 

n 

X"'' is a linear nilpotent vector field singular at the origin such that 

and X'^'^^ is a holomorphic vector field singular at the origin with no linear part and such that 
In particular 

Recall that the flows of two commuting vector fields also commute (see [Le] Prop. 18.5). We 
have 

exp(X'^'^) = Diag(e'^i , • • • , e"^" )z. 
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and, in general for a linear vector field = Yl^=i (Sh=i ^hj^h) 9j, we have 

exp(X''") = e^z, 

where A is the matrix {ahj )■ If F is a holomorphic vector field singular at the origin with no 
linear part, then we have 

(33) exp(tF)z = ^^y'=(^). 

fc>0 

In fact, defining Kt{z) = z + tY{z), we get Ko{z) = z and ■^Kt{z)\t=o = Y{z), then we 
have exp(ty)z = lim^^oo(i^i/m)™, (sec [AMR] Theorem 4.1.26), that is (33). Moreover, 
if V, W are two commuting vector fields, we have 




Then we have the following result. 

Proposition 8.1. Let X be a germ of holomorphic vector held of (C"", O), singular at the ori- 
gin, and in Poincare-Dulac normal form. Then its how is a germ of hiholomorphism of (C", O) 
in Poincare-Dulac normal form. 

Proof. The flow of + X'^^^ is unipotent, then the linear part of the flow of X is Az with A 
triangular matrix with diagonal Diag(e'''^, . . . ,e'^"'), and the flow of X has to commute with 
the flow of X'^'^. □ 

In [Zu], Zung found that to find a Poincare-Dulac holomorphic normalization for a germ 

of holomorphic vector field is the same as to find (and linearize) a suitable torus action which 
preserves the vector field. To deal with this problem he introduced the notion of toric degree 
of a vector field. The following definition is a reformulation of Zung's original one, clearer and 
more suitable to our needs. 

Definition 8.1. The toric degree of a germ of holomorphic vector field X of (C", O) singular 
at the origin is the minimum r S N such that the semi-simple part X'^^^ = Yl^=i ^j^j^j of the 
linear term of X can be written as linear combination with complex coefficients of r diagonal 
vector fields with integer coefficients, i.e.. 



r 
k=l 



where ai, . . . , a^. £ C* and = =1 PjZjdj with G Z". The r-tuple Zi, . . . , Zfc is called 
a r-tuple of toric vector fields associated to X, and the numbers ai, . . . , q:„ G C are a r-tuple 
of toric coefficients of the toric r-tuple. 

In particular, we have 

r 
k=l 
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One can prove (sec [Ral] pp. 55-57) that the toric coefficients ai,. . . ,aj. are rationally inde- 

(k) (k) 

pendent, and pj = p\ whenever ipj = (p^, for every k = 1, . . . , r, implying that 

r 

Res+(^) = n Res+(p('=)) 
fc=i 

for any j = 1, . . . ,n. 

Remark 8.2. A vector field has toric degree 1 if and only if, chosen a non-zero eigenvalue of 
its linear part, all the other eigenvalues are rational multiplies of it; then in this case we have 
uniqueness of the toric vector field associated to X up to multiplication by a non-zero integer. 

We recall the following definition from [Zu] 

Definition 8.2. A germ of holomorphic vector field X of (C^jO) singular at the origin is 
integrable if it has order 1 and there exists a positive integer 1 < m < n such that there exist m 
germs of holomorphic vector fields Xi = X,X2, ■ ■ ■ ,Xm of (C",0) singular at the origin and 
of order 1, and n — m germs of holomorphic functions gi, ■ ■ ■ ,gn-m in (C", O) satisfying: 

(i) Xi, . . . , Xm commute pairwise and are linearly independent, i.e., Xi A • • • A X^. ^ 0; 

(ii) gi, . . . , gn-m are common first integrals of Xi, . . . , X^, i.e., Xj [g^) — for any j and fc, 
and they are functionally independent almost everywhere, i.e., dgi A ■ ■ ■ A dgn-m ^ 0. 

Noticing that all the vector fields in the previous definition arc integrable, we can define 

Definition 8.3. Let 1 < m < n. A set of m integrable vector fields of (C",0) is a 
set Xi,...,X„ of germs of holomorphic vector fields of (C",0) singular at the origin, of 
order 1 and such that: 

(i) Xi, . . . , Xjn commute pairwise and are linearly independent; 

(ii) there exist n — m germs of holomorphic functions gi, . . . ,gn-m in (C", O) which are 
common first integrals of Xi , . . . , X^ , and they are functionally independent almost 
everywhere. 

Theorem 8.3. (Zung, 2002 [Zu]) Let X be a germ of holomorphic vector held of (C",0) 
singular at the origin which is integrable. Then X admits a holomorphic Poincare-Dulac 
normalization . 

As a corollary of Proposition 8.1, we obtain 

Corollary 8.4. The flow of a germ of integrable holomorphic vector field of (C*, O) singular 
at the origin admits a holomorphic Poincare-Dulac normalization. 

Moreover we have the following result 

Theorem 8.5. (Zung, 2002 [Zu]) Let 1 < m < n. Every set of m integrable vector fields 
admits a simultaneous holomorphic Poincare-Dulac normalization. 

Thus we have the following corollary 

Corollary 8.6. Let 1 < m < n. The flows of a set of m integrable vector fields admit a 
simultaneous holomorphic Poincare-Dulac normalization. 

Remark 8.7. The last corollary means that we can conjugate Xi, . . . ,Xm to a m-tuple of 
vector fields containing only monomials belonging to the intersection of the additive resonances 
of the eigenvalues of the linear terms of Xi, . . . , X„. 

Now, wc introduce an analogous for germs of biholomorphisms of the notion of integrability 
we described above. 
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Definition 8.4. A germ of biholomorphism / of (C", O) fixing the origin commutes with a set 
of integrable vector fields if there exists a positive integer 1 < m < n, such that there exists a 
set of m germs of holomorphic integrable vector fields Xi, . . . , Xm such that 



for each j = 1, . . . ,m. 

Remark 8.8. A germ of biholomorphism / of (C",0) commutes with a vector field X ac- 
cording to the previous definition if and only if it commutes with the flow generated by X. 

Theorem 8.9. Let f be a germ of biholomorphism of (C", O) Rxing the origin and commuting 
with a set of integrable holomorphic vector Relds Xi, . . . , X^. Then f commutes with a 
holomorphic effective action on (C",0) of a torus of dimension equal to the toric degree r 
of Xi and such that the columns of the weight matrix of the action are a r-tuple of toric 

vectors associated to Xi. 

Proof. From the proof of Theorem 8.3 (see [Zu]) we get r holomorphic vector field Zi, . . . , 
which generate a T*" action preserving Xi, . . . , Xm- Moreover ai^jt, . . . , am,k holomorphic func- 
tions constant on the connected components of each level set Ly = g~^(g(y)), where we denote 
by g = (^1, . . . ,gn-Tn) the (n — m)-tuple of common first integrals of Xi, . . . ,Xm, such that 

m 

Zk = y^^aj,kXj, 
i=i 

for each k = 1, . . . ,r. Then, for each A; = 1, . . . , r, we have 

(m 
Y^a,,kX, 

m 

= Y,{a,,kof)df{Xj) 

m 

= ZkO f. 



Thus the torus action commutes with / as we wanted. □ 

Corollary 8.10. Let f be a germ of biholomorphism of (C", O) fixing the origin and commut- 
ing with a set of integrable holomorphic vector fields. Then f is holomorphically conjugated 
to a germ containing only monomials belonging to the intersection of the additive resonances 
of the eigenvalues of the linear terms of Xi,. . . , X^, ■ 

Proof. The assertion follows from Theorem 8.9, Corollary 8.6 and Theorem 3.1. □ 

Then we also have the following 

Corollary 8.11. Let f be a germ of biholomorphism of (C",0) fixing the origin and com- 
muting with a set of integrable holomorphic vector Relds, such that the intersection of the 
additive resonances of the eigenvalues of the linear terms of Xi, . . . , X^ is equal or contained 
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in the set of resonances of the spectrum of dfo- Then f admits a holomorphic Poincare-Dulac 
normahzation. 

Remark 8.12. A slight generalization of the proof of Theorem 8.3 shows that in the statement 
of Theorem 8.9 it is not necessary for all the vector fields X2, ■ ■ ■ , to have order 1; however, 
it is still necessary that the whole set of vector fields Xi, . . . ,Xm commutes with /. We refer 
to [Ra4] for the precise statement and detailed proof. 
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